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• The laws of physics let us (in principle, at 
least) predict the behaviour of systems of 
many interacting objects.

• However, in practice, the equations given by 
these laws become too complicated to solve 
exactly when the number N of objects 
becomes large.

The problem of complexity



Example: Newton’s law of gravity

The equations of motion for the positions 
x1(t), …, xN(t) of N particles of masses 
m1,…,mN under Newtonian gravity is given 
by the system of equations

for i=1,…,N.



For N=2, this system of equations can be 
solved exactly (“The two-body problem”).



But even for N=3 -“the three-body problem” (the 
only problem to give Newton severe 
headaches) - there is no closed-form general 
solution to the equations.  



It would seem that the problem only gets 
worse for larger values of N.



But when N becomes extremely large, solutions
begin to exhibit regularity and predictability at 
macroscopic scales…



… although the macroscopic structure one sees 
seems to bear little relation to the underlying 
laws of nature at the microscopic level.



This is a manifestation of a general 
phenomenon known as universality…



… which asserts that sufficiently complex systems 
can obey universal laws that do not depend 
too much on the underlying microscopic 
mechanism of the system.



In some cases, we have a plausible mathematical 
justification for universality; but in other cases, 
the phenomenon is still only poorly understood.



For instance, it is an empirical fact that many 
real-life variables are approximately distributed 
according to a normal distribution (or “bell 
curve”, or “gaussian distribution”)



This empirical fact can be mathematically 
justified by the Central Limit Theorem:

(Informal statement) If a random variable X is an average

X = (X1 + … + XN) / N

of N independent random variables, then as N goes to 
infinity, X converges in distribution to a normal 
distribution.

Sir Francis Galton FRS (1822-1911)



The central limit theorem explains the normally 
distributed behaviour of many empirical 

variables that can be plausibly modeled as 
additive averages of many independent factors.



For instance, it can be used to show that the margin 
of error of a poll of N people is asymptotically 

proportional to 1 / N1/2 (under ideal conditions) –
regardless of the size of the entire voting 

population.



By combining together many polls, carefully 
weighted by reliability and accuracy, Nate Silver 

gave electoral predictions for the 2008 US 
presidential election on the election night…



… that correctly predicted the presidential 
election in 49 of 50 states (as well as all 35 of 

35 Senate races).



The normal distribution is not the only universal law 
that has been observed in nature.  For instance, 

Benford’s law is a universal law governing the first 
digit of many statistics.



This law asserts that the probability that the first 
digit of a statistic is k is equal to log10 (k+1)/k; 
the probability that the first two digits are k is 

log100 (k+1)/k; and so forth.

First two digits of a data set of accounts payable data



For instance, a typical statistic will start with the 
digit 1 about 30% of the time, but start with 9 

only about 4.6% of the time.



The law even holds (approximately) for more 
artificial statistics, such as the birth day or birth

month of a randomly selected set of people.



The law is associated to statistics that span many 
orders of magnitude, and which are influenced 

by a large number of multiplicative factors 
(such as population growth or inflation).

First digit of 237 country populations in 2010



The central limit theorem then causes the 
logarithm of that statistic to be uniformly 

distributed on small scales, which can then be 
used to derive Benford’s law.



The law is not just an empirical law; it also 
applies to many mathematical data sets.



However, the law usually does NOT apply to human-
generated numbers; because of this, Benford’s law 

is a useful tool for detecting accounting fraud.



A variant of Benford’s law is Zipf’s law, 
relating to the largest statistics (the 

“upper tail”) in a data set.



It asserts that the kth largest statistic 
in the upper tail is proportional in 

size to 1/k.

The most frequent words in “Moby Dick”.



It is an example of a more general “power 
law”, asserting that the kth largest 

statistic in the upper tail is proportional 
in size to 1/kc for some exponent c.  



In the case of income distribution, 
the exponent c measures the 

amount of economic inequality.



Different countries may have a 
different exponent c…



… but the upper tail distribution is 
almost always a power law no 

matter what the country is.



One reason for this is that power 
laws are “scale-invariant”.



This means that they are unaffected by 
multiplicative factors such as 

population growth, mergers, or 
splits.



It is a curious fact, though, that for 
specific types of data sets, such as 
word frequencies and population 

sizes, the exponent c is always close 
to 1 (Zipf’s law)…

Most common searches at a file-sharing service



… although the law often breaks 
down at the very largest 

statistics.



We still do not have a fully 
satisfactory mathematical 
explanation for Zipf’s law.



Universality phenomena show up in 
many areas of mathematics, such 

as the theory of percolation.



(which is studied right here at 
Trinity!)



There are many models of percolation, but 
at the microscopic level, they usually 

involve some random colouring of sites 
or bonds on a lattice…



… which then leads to large 
connected structures known as 

clusters.



It is a model for many physical 
phenomena, such as the transition 
of a material from an insulator to a 

conductor.

Insulator (green) and conductor (blue) behaviour of vanadium 
dioxide near the critical temperature



Regardless of choice of model, though, 
several macroscopic universal laws 

emerge whenever one is at a “critical” 
temperature parameter.

Clusters for the Ising model at the critical temperature



For instance, for many models, it is 
believed that the probability that two 

points x, y lie in the same cluster obeys a 
power law relationship with the distance 

|x-y|...

An invasion percolation cluster just below the critical temperature.



… with the exponent cd in this power 
law depending only on the dimension 

d.  (e.g. c2 = 5/48 and c6 = 1).

Clusters for square lattice bond percolation at the critical temperature.



This conjecture is currently proven for 
d=2 and for d >= 19.

A three-dimensional percolation cluster.



Work in this area formed part of the citation 
for Stas Smirnov’s (third from left) Fields 

medal in 2010.

International Mathematical Olympiad, Bremen 2009



Another active area of research is that of 
universality for spectral distributions in 

both mathematics and physics.



On the physics side, the subject was 
initiated by Eugene Wigner’s study of 
cross-sections for neutron scattering 

from a heavy nucleus.

Neutron scattering cross-sections for Gadolinium-156



There are so many different particles involved 
in this scattering that one cannot compute 
the cross-section exactly or numerically –

one can only proceed experimentally.



Neutron scattering cross-sections for Sulfur

Wigner noted that the resonant energies (in 
which the cross-section was large, and 

neutron was usually absorbed) tended to 
repel each other; they were rarely adjacent.



Cross-section spacing distribution for several heavy nuclei

Furthermore, the spacing distribution was 
universal – all heavy nuclei had 

essentially the same distribution.



Wigner proposed modeling these spectral 
lines by the eigenvalues of a random 

matrix.



For a special type of random matrix model (the 
Gaussian Unitary Ensemble, or GUE), the 
asymptotic eigenvalue distribution was 

computed by Freeman Dyson.



The Dyson distribution matches up with 
amazingly broad range of empirical 

spacing distributions.

Spacings between bus arrivals at a bus stop in Cuernavaca, Mexico



But perhaps most striking of all is how well it 
aligns with a fundamentally important 

spacing distribution in number theory – the 
gaps between zeroes of the Riemann zeta 

function ζ(s).



The zeroes ρ of the zeta function are connected 
to the primes p by the explicit formula



It was shown by Hardy and Littlewood that 
infinitely many of these zeroes ρ lie on the 

critical line {s:Re(s)=1/2}.  One can then study 
the spacing between these zeroes on this line.  

G. H. Hardy FRS (1877-1947) John Edensor Littlewood (1885-1977)



Hugh Montgomery formulated the pair correlation conjecture
for these zeroes, after obtaining some partial results.  He 

was about to describe this conjecture to Dyson at the 
Institute for Advanced Study…



… who then surprised him by writing down the 
exact same formula first. Dyson’s formula GUE 

eigenvalue pair correlations was identical to 
Montgomery’s.

Normalised spacings between the first billion zeroes of the 
Riemann zeta function.



We do not yet have a fully satisfactory 
explanation of why the zeroes of the zeta 
function obey this universal spacing law.



But last year, it was shown by a number of 
mathematicians (including myself) that this 

universal law held for a large class of models 
known as Wigner random matrix models.



The proof is too technical to give here, but let 
me just mention that previous universality 

results (such as the central limit theorem) are 
an essential ingredient in the proof.



But there is still much that is mysterious about the 
origin of these universal laws; understanding 
them further is a major area of mathematical 

research today.


